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Abstract 

A two-parameter neutrino mass formula is described, giving a moderately hierarchical 
spectrum m x < m 2 < m 3 consistent with the experimental estimates of Am^ and Am^. 
The formula follows from a three-parameter empirical neutrino mass formula through 
imposing a parameter constraint and leads to a very simple neutrino mass sum rule 
m 3 = 18m 2 — 48mi. Some alternative parameter constraints, used tentatively to eliminate 
one of three parameters, are compared. 
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Recently, we have discussed some parameter constraints [1] in an empirical mass for- 
mula [2] for three active mass neutrinos z/i,z/ 2 ,z/ 3 related to three active flavor neutrinos 
v^v^Vt through the unitary mixing transformation v a = J^i^ai^i (a = e,fj,,T and 
% = 1,2,3). Originally, this neutrino mass formula involves three free parameters 
and gets the form: 



where 



ppi 



± N 2 + £ — 

e v 1 Nf 



1,2,3), 



(1) 



iVx = 1 , N 2 = 3 , N 3 = 5 
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Cl2iPi = 1)) the latter three numbers having been called the generation-weighting fac- 
tors. Here and in Ref [1], \i denotes the product /x£/C previously appearing in Ref. [2]. 
Explicitly, the formula (1) can be rewritten as 



m2 = iU(l-"° + e 
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This is a specific linear transformation of three free parameters //,//£/£,///£ into three 
masses mi,m 2 ,m 3 , giving no mass predictions, unless the parameters ii,e,£ are con- 
strained. In fact, in the paper [1], four different parameter constraints 

sit = 1 ,e/£ = 1 - 1/C ,e/£ = , 1/f = (4) 

were tentatively considered, reducing the mass formula (1) to four two-parameter forms. 
Then, the corresponding neutrino mass spectra were predicted, when the input of exper- 
imental estimates for Am^ and Am| 2 was used. In general, the transformation inverse 
to (3) 
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777 3 - ^(27777 2 - 8777i) 
777 3 - ^(3517772 - 13677H) 
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enables us to determine the parameters /i, £,£, if the masses 7711,7772,7773 are known. 
In the present note, we discuss still another parameter constraint 

e = l (or e/£ = l/0, (6) 



while in the first part of this paper, hep-ph/0609187, the parameter constraint e = 



(or e/£ = 0) was considered. Then, the neutrino mass formula (1) is reduced to the 
two-parameter form 



m* = w>i(l-iiV?) (i = l,2,3) (7) 



or, explicitly, 



777i = 1 

29 V £ 

m3 = ^ 24(l-25l). (8) 

It is easy to see that in the case of Eqs. (7) or (8) the following very simple mass sum 
rule holds: 

7713 = 6(3m 2 — 8mi) , (9) 

while with the parameter constraint e = (or e/^ = 0) a different mass sum rule m 3 = 
(6/125) (35l777 2 — 90477ii) worked. In addition, we get here the relations 

1 7772 — 4777i 777 i 771 2 — 36771i . . 

7 = ^ , A* = 29 7-477 = ~ 29 ^^ ~ 10 

t, 7772 — 367771 1 — 1/4 32 
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as a consequence of the general inverse transformation (5) and the mass sum rule (9). 
Making use of the mass sum rule (9), m 3 = 18m 2 — 48m 1? and the identity 



ml = Am 2 2 + m 2 . = AAm 2 ^ + m\ = (A + l)m| — \m\ , (11) 

where we have 

^A™ 2 3Q 

Am 2 21 v ' 

due to the experimental estimates Ara^ ~ 8.0 x 10~ 5 eV 2 and Am| 2 ~ 2.4 x 10~ 3 eV 2 
[3], we obtain for the ratio 



r - ^ (13) 

m 2 

the quadratic equation 



(2304 + A)r 2 - 1728r + 324 - A - 1 = . (14) 
Hence, with A ~ 30, we get two solutions 

f 0.263 = 0.26 /irX 

r ~ ( 0.477 = 0.48 • (15) 

Using the ratio r, we can evaluate the following neutrino mass spectrum: 



/Am 2 .! / 9.27 x 10~ 3 eV = 9.3 x 10^ 3 eV . . 

m2 = \lr^2~\ 10.2 x 10- 3 eV = 10 x 10- 3 eV ' (16) 

f 2.44 x 10~ 3 eV = 2.4 x 10" 3 eV ,., _ 

mi = rm2 ~ \ 4.86 x 10- 3 eV = 4.9 x HT 3 eV ' (17) 

f 4.99xlO~ 2 eV = 5.0 x 10~ 2 eV , 1D , 

m 3 = 18m 2 - 48m, ~ j _ g 0Q x 1Q _ 2 ^ = _ g Q x 1Q _ 2 ^ . (18) 

Here, the second solution (15) for r can be rejected, as in this case the masses have 
different signs (what we exclude). Thus, the predicted neutrino mass spectrum is: 



mi ~ 2.4 x 10 -3 eV , m 2 ~ 9.3 x 10~ 3 eV , m 3 ~ 5.0 x 10~ 2 eV , (19) 

when Am 21 ~ 8.0 x 10~ 5 eV 2 and Am| 2 ~ 2.4 x 10~ 3 eV 2 are the input. Then, from Eqs. 
(10) we calculate the parameters 



~ 6.1 x 1(T 3 ,/i~7.1x 10~' 2 eV 



-2 



(20) 



This result, valid for the parameter constraint e — 1 (or e/£ = l/£), can be compared 
in the following table with our previous results [1] obtained for the alternative parameter 
constraints (4): 
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Here, \Am 2 21 \ ~ 8.0 x 10~ 5 eV 2 and Am 2 2 ~ 2.4 x 10" 3 eV 2 are used as the input. We can 
see that the results for e = (or e/£ = 0) and e — 1 (or e/£ = l/£) are similar, since in 
both cases l/£ is very small (but it is nonzero, as for l/£ — > we get e/£ — > —8.8, when 
(Am^l ~ 8.0 x 10~ 5 eV 2 and Am 2 ^ ~ 2.4 x 10 -3 eV 2 are the input). 

Mass constraints may sometimes be tried in place of the parameter constraints. For 
instance, following a recent conjecture [4], the mass ratio r = mi/m 2 may be related to 
the so-called golden ratio if = (1/2) (1 + y/E) = 1.618034 (ip = 1 + l/tp) through the 
formula r = 1/y? 2 . Then, 



mi ~ 3.7 x 10" 3 eV , m 2 ~ 9.7 x 10~ 3 eV , m 3 ~ 5.0 x 10~ 2 eV , (21) 
when the experimental input of Am 2 x ~ 8.0 x 10~ 5 eV 2 and Am^ ~ 2.4 x 10" 3 eV 2 is 



1-3 



1-2 



applied. Hence, due to Eqs. (5), 



H ~ 7.0 x 10~ 2 eV , £ - ~ -0.53 , - ~ 6.4 x 10~ 3 . 



(22) 



Through Eqs. (3) the particular mass constraint mi/m 2 = 1/y? 2 is equivalent to the 
following parameter constraint: 
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= 0.381966 



(23) 



or 
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- = 0.0388678 + 0.0611322-, (24) 

where e/£ and l/£ are estimated by the experiment only up to two decimals (Eq. (22). 
Note finally that our original neutrino mass formula (1) consists of three contributions 

PPi , -PPi^N? , -np^ ^p- (i = 1,2,3) , (25) 

dependent in three different ways on the numbers Nf = 1, 9, 25. The parameter con- 
straint e = 1 (or e/£ = l/£), discussed in this note, eliminates the third contribution, 
while the parameter constraint e = (or e/( = 0), considered in the first part of this 
paper, [hep-p h/ 0609 187| , eliminated the sum of the second and third contributions for the 
lowest generation i — 1. The reader may consult Ref. [5] for a possible "intrinsic inter- 
pretation" of three contributions (25). It is a consistent interpretation based on the idea 
of algebraically composite fundamental fermions satisfying a generalized Dirac equation 
(in such an interpretation, Aq = 1, N 2 — 3, JV 3 = 5 are the numbers of spin-1/2 alge- 
braic partons involved "within" the fundamental fermions, leptons and quarks, of three 
generations i — 1, 2, 3). 

Concluding, in this note a two-parameter neutrino mass formula (7) or (8) is described, 
giving a moderately hierarchical spectrum mi < m 2 < m 3 , consistent with the experi- 
mental estimates of Am^ and Am^ treated here as the input. This mass formula follows 
from a three-parameter empirical neutrino mass formula (1) or (3) through imposing a 
parameter constraint e — 1 (or e/£ = l/£) and leads to a very simple mass sum rule 
(9). Some alternative parameter constraints, used tentatively to eliminate one of three 
parameters, are compared (see our table). 

* * * 

In the second half of this note, we would like to report briefly on another approach 
to the problem of neutrino mass parametrization, starting from the structure of neutrino 
mass matrix M = (M a p) related to its eigenvalues : WMU = diag(m 1; m 2 , m 3 ). To 
this end assume for the neutrino mixing matrix U = (U a i) the experimentally favored 
tribimaximal form [6] 
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leading to the following mass-matrix elements M a p = £V UaiiriiUpf 



M ee = -(2m 1 +m 2 ), 

= M TT = i(m 1 + 2m 2 + 3m 3 ), 

M ejU = -M er = i(-mi + m 2 ) , 

M MT = i(-mi -2m 2 + 3m 3 ) (27) 

and Mg a = M a/3 otherwise. Here, the charged-lepton flavor representation is chosen, 
where the charged-lepton mass matrix is diagonal and so U is at the same time the lepton 
mixing matrix (appearing in the charged weak current). 

In the tribimaximal case, among nine matrix elements M a p there are three indepen- 
dent, say, M, , . \ I, s , . \ I,, : , where M MM = M, , ■ \ I, /( • \ I fl : . It is convenient to introduce 
here a new parameter \ equal to the ratio M fXT / M eix : 

= X M eM . (28) 

Then, from Eq. (28) and the third and fourth Eqs. (27), we obtain a new neutrino mass 
sum rule 



m 3 = nm 2 - (77- 1)toi , (29) 

where 

»7 = + , X = \r]-1. (30) 

This sum rule is parametrized by x (the previous sum rule, Eq. (9), corresponds to the 
parameter constraint (6) and so is parametrically fixed). Of course, the parameter x can 
be easily evaluated, if the mass spectrum is known. This is the case, when in the mass 
formula (1) or (3) one of our parameter constraints is accepted (see our table) in order to 
eliminate one parameter. 
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Now, making use of the mass sum rule (29) and the identity (11), we get for the ratio 
r = m 1 /m 2 the quadratic equation 



[(77 - l) 2 + A]r 2 - 2r](r] - l)r + rf - A - 1 = , (31) 

where A = Amf^/Ami^ ~ 30 when the experimental estimates Am^ ~ 8.0 x 10~ 5 eV 2 
and Am 2 2 ~ 2.4 x 10~ 3 eV 2 are applied as the input. This equation can be factorized 
into the form 

(r - 1) {[(ri - l) 2 + A)]r - if + A + 1} = (32) 
giving readily two solutions for r in terms of rj: 

r 1 

r = < v 2 -x-i ■ (33) 

The first solution r = 1 corresponds to the limiting option of exact neutrino mass 
degeneracy mi = mi = which is experimentally excluded. The second solution r 7^ 1 
is nonnegative, r > 0, only if rf — 1 > A, leading then to mi > (we take mi,m 2 ,m 3 
as nonnegative and nondegenerate). For this solution, we infer from Eq. (33) that the 
parameter 77 satisfies the quadratic equation 

(l-r)?7 2 + 2r?7-(A + l)(l + r) = 0, (34) 
implying two solutions for rj in terms of r 7^ 1: 



-r±y/A(l-^) + l 

Here, A ~ 30 when Ara^ ~ 8.0 x 10~ 5 eV 2 and Am| 2 ~ 2.4 x 10~ 3 eV 2 are used as the 
input. 

In the case of parameter constraint £ = l(or£/£ = l/£) discussed in the present note, 
we can put in Eq. (35) r ~ 0.263 as given in Eq. (15). Then, with A ~ 30 the positive 
solution to Eq. (34) for rj is 



r) ~ 6.94 = 6.9 (36) 
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giving via Eq. (30) the value 



x ~ 9.41 = 9.4 (37) 

(note that M efl and M MT are positive if mi < m 2 < m 3 as it holds certainly for r ~ 0.263). 

In the case, when our other parameter constraint e = £ (or e/£ = 1) is considered, we 
have mi = and so r = 0. Then, with A ~ 30 the positive solution to Eq. (34) for r) 
becomes 



77 = VA + 1 - 5.57 = 5.6, (38) 
leading through Eq. (30) to the value 

x ~ 7.35 = 7.4 . (39) 

Notice that here x ~ 1.06 x Ay/3. 

In a recent paper [7] we have constructed in the three-generation space of vi, z/ 2 , z/ 3 an 
oscillatory model for the off-diagonal part of neutrino mass matrix M = (M a p), where 
it has turned out that x = 4^ = 6.92820 precisely. Then, rj = (2/3)(4>/3 + 1) = 
5.28547, implying through Eq. (29) that A = Am^/Am 2 ^ = rf - 1 = 26.9362 ~ 30 
if mi = (and so r = 0). In this case, we predict Am| 2 ~ 2.2 x 10~ 3 eV 2 when 
Amj! ~ 8.0 x 10 -5 eV 2 is applied as the only input, while the popular experimental 
estimate is Am| 2 ~ 2.4 x 10 -3 eV 2 giving A ~ 30. Here, m 2 = i/Am^ ~ 8.9 x 10~ 3 eV 
and m 3 = a/ Am| 2 + m 2 = m 2 VA + 1 ~ 4.7 x 10~ 2 eV if mi = 0. Hence, due to Eqs. 
(5), n ~ 8.1 x 10~ 2 eV, eji = 1 and 1/f = 1,03311 x 10" 2 if m x = (the precise value 
of l/£ follows from m 3 = Am 2 and the cancellation of m 2 ). If mi > (and so r > 0), 
then A < 17 2 — 1 = 26.9362 since rf - A - 1 = [(77 - l) 2 + X]r > due to the second Eq. 
(29). Thus, in this case, the value mi > has the tendency of spoiling the approximate 
agreement of A with its experimental estimate A ~ 30. Note that for \ — 4v^3 the neutrino 
mass sum rule (29) is equivalent to the parameter constraint 

I = 0.017363 - 0.0070452^ . (40) 
when Eqs. (3) are used. This gives 1/f = 1.03311 x 10~ 2 if m 1 = (i.e., e/f = 1). 
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More generally, if - as in Ref. [7] - a value of x is provided by another argument 
than our mass formula (1) or (3) jointly with a parameter constraint (see our table), and 
if mi =0 (and so r = 0), then A = rf — 1 with 77 = (2/3)(x + 1) is implied by the 
second Eq. (33) (following from our new mass sum rule (29)). In this case, we predict 
Am§ 2 = AAm^, where the experimental input of only Am^ ~ 8.0 x 10~ 5 eV 2 is applied. 
Here, m 2 = y^Am^ ~ 8.9 x 1CT 3 eV and m 3 = ^ Aml 2 + m 2 , = m 2 \J\ + 1 if mi = 0. 
In order to get A ~ 30 in the case of mi = one ought to have i] = VA + 1 ~ 5.6 and 
X = (3/2)77 — 1 ~ 7.4, as in Eqs. (38) and (39) valid for our parameter constraint e = £ 
(or e/£ — 1). If the mass mi > (and so the ratio r > 0), then A < rf — 1 because of the 
second Eq. (33) that implies rf - A - 1 = [(77 - l) 2 + A]r > 0. 
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